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Unit | - FOURIER SERIES

1. State Dirichlet’s conditions for a given function to expand in Fourier series.
i) f(x)is well defined, periodic and single valued.

i) f(x) has finite number of finite discontinuities and no infinite discontinuities.
iii) f (x) has finite number of finite maxima and minima.
2. Write the formulas of Fourier constants for f (x) in (c, ¢ +2l)..

Solution:
| (HJ’ZI
a, =% f(x)dx
Cc
1 c+2l N7zX
a, =="' f(x)cos—dx
C
1c+2| N7zX
b =L f(x)sin L__dx

3. Find the constant ag of the Fourier series for the function f (x) =k, 0<x<2x .

7 ) 7 )
Solution:  ag :inf(x)dx: =27
0
k
2 ;zﬁf
ap = 2k .

4. Given f (x) = X2, 0 < x <2 which one of the following is correct.
(@) an even function (b) an odd function (c) neither even nor odd

Ans: (a)
5.Find b, inexpanding f(x) =x(2l —x) as Fourier series in the interval  (0,21).
Solution:
1o nzx
b, =+"'x(2l - x) sin =/ dx
0
[ ( ) ( AR
( cos ﬂ\\ | sin%l Icos% |
i | | | Ll |l
| |z | | nem | | ne |
| | | — | | ol
L \ I ) \ I J Lo J o
=0.
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6. In the expansion of f(x) =sinhx (—x,7) as a Fourier series find the coefficient of a , .
Solution: Given f(x)=sinhx . = f(=x)=sinh(—x) =-sinh x=—f(X)
. f(x) is an odd function. Hence a, =0.
7. Find an inexpanding f(x)=(1- x)2 as Fourier series in the interval (0,1).
Solution:
an = 2.[1 (1-x) 2 coshxdx
0

:2|f . zl(sin n;zx) (‘ - —1)|(— cos nﬂx\l\l +2|(_ sin n;zxﬂ1
L U )L Conz ) e
:£(0—0+0)—|o( +2|( 2_12\“ 242

I L tnz ) =N7.

8. Explain periodic function with
example. Solution:
A function f (x) is said to be periodic if there exists a number T > 0 such that

f(x+ T)="f(x) for all x in the domain of the definition of function. The least value of T
satisfying the above condition is called the fundamental period or simply period of the
function f (x)

E.g. f(x)=sinx
f(x+27)=sin(x+2x)=sinx="f(x)
Hence sin x is a periodic function with period 2.
9. In the expansion of f (x) = sin x (-7, 7) as a Fourier series find the coefficient of a ,
Solution: Given f (x) = sin x
f (=x) =sin(—x) = —sin x = —f ()
. T(x) is an odd function.Hence a, =0.
10. Find the Fourier constant a, for xcosxin (—-mzx).
Solution: Let f(x)=xcosx
- F(=x) = =x cos(—x) = —x cos x = — f (x)
. T(x) is an odd function.
Hence a, =0.
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11. Find the constant term ag and the coefficient a, of cos nx in the Fourier series
expansion of f(x)=x—x %in (~m 7).
Solution: f(X)=x-x 3
:>f(—x)=—x+x3 =—(x—x3)
- f(=x) =—1f(x) is an odd function.
ap =0 and a, =0.
12. Find ag. a, in expanding f (x) = sin ax as a Fourier series in (-7, 7).
Solution: f (—x) = sin a(—x) = sin(—ax) = —sin ax = — f (x)
Hence f (x) isan odd function.
.2 =0 and a, =0.
13. If f(x) = |x| expanded as a Fourier series in — 7< x < z.Find ag .
Solution:

ao:l”f(x)dx:l”|xldx = 27xdx [ [X| is an even function]
7 | 7 I ﬂé
2[x*7,
=—|—I| =7z =d=7x
T2 Jo

14. Find the constants b, for f(x)=k| in-z<x<z.

Solution:  Given f(x)=k|
f()=fxbx |
s ) =1 (—x)
- f(x) isan even
function. Hence b, =0.
15. Find b, in the expansion of x 2 as a Fourier series in (-m,7).
Solution:
Given f(x)=x 2
Now f(x)=(-x)2 =x?2 =f(x)
- f(x) isan even
function. Hence b, =0.
16. Find the Fourier constant b, for xsinxin (—-zx) .
Solution:Let f (x) = x sin x
Therefore f (x) is even function of x in (- 7, 7)
The Fourier series of f (x) contains cosine terms only.
Which implies by=0.
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17. Does f (x) =tan x possess a Fourier expansion in (0, 7).

T
Solution: f (x) = tan x has an infinite discontinuity at x =" 2 .

Since the Dirichlet’s conditions on continuity is not satisfied,
the Function f (x) = tan x has no Fourier expansion.
18. If f(x)=x 2 1 xis expressed as a Fourier series in the interval (-2,2), to which value

this series converges at x =2.
Solution:
TTe value of the Fouai_er series of f(x)atx =2 is

C[f2)+f(Q]=_[4-2+4+2]=4
2 2
19. If f(x) is an odd function defined in (-1,I) , what are the values of ag and a,

? Solution:
Since f(x) is an odd function of x in (-1,1) , its Fourier expansion contains

sine terms only. .. ag =0 and ap=0.

20. If f(x) is discontinuous at x =a, what does its Fourier series represent at the point?
[or] Define the value of the fourier series of f (x) at a point of discontinuity.

Solution:
The valui of the Fourier series at x=a is

f(a)y="_[limf(a+h)+limf(a—h)]

2 h-0h—0
=1[f(@)+f@)]
2

[cosx O<x<rx

21 1f f(x)=¢ and f(x+2 z)=f(x) for all x, find the sum of the
|50 JI<X<21
Fourier series of f(x) at x= 7 ?
Solution:

1 1 49
f(r)= 2[f(z-)+f(z+)]= 2[cosz+ 50]=""2.
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(00<x< 7 .
22. If the Fourier series for the function f(x)= 1 IS
lsinx, 7<X<27
sinx 1 2|c032x+cos4x+c056x |

fx)z —m —t - —_—t_+ ___t...... | deduce that
2 7 7zl 13 35 5.7
R P A I 0=R—2
1.3 35 574
Solution:
Put x :—g in the Fourier expansion of f(x),
(z) 1 1 2] 1 1 1 ]
fl—|l=—-—+—" — +— —+ .. \
\2) 2 x x| 13 35 57 ]
2‘| 1 1 1 | 1 1 e (72’)
= __ -+ e [ ince f __I=0
713 35 57 1l 2z \2)
1 1 1 T—2 T 7w =2

~T 373 5+5 7+ww= 2 7 X 2= /4

23. Suppose the function x cos x has the series expansion an sinnx in (7 ,—x), find the
1

value of by .
- _2,,I .
Solution: by == ") x cos x sin xdx
0
1= 1[( —cos2x) sin2x I
= .  xsin2xdx = _ ¥ [+ |
7l 2L\ 2) 4 b
= 1|—‘:‘g—|:_
L2 R

24. Find the constant term in the Fourier expansion of f (x) =cos® xin (-z,7) .
Solution:

cos2xis an even function ofxin (-z,7)

a
- C0s% X :—20 + 2% a, cOS NXq_y

1+C0S2X _ 30 , "5 cosnx.. The constant term is ag =1
2 2 n=1
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25. Find the Fourier constants by, for x sinxin (-z,7) .
Solution:
Givenf (X) = x sin x
Nowf (—x) = —x sin(—x) = x sin x = f (x)
. f(x) is an even function. .. b, =0.

26. Find a, , in expanding e as Fourier series in (-z,7) .
Solution:

1, 1, 1fe™* Iy

an = 2 J f (x) cosnxdx = 7 Je X cosnxdx = 7 ILTnz (= cosnx + n sin nx)J

- | n
1 e (<. ) € (- _ (-1 T T
=1 e 2((l)n) e 2((1)n)‘_()2 [e e ]
alt +n 1+n 1 7z(1+n)
27. Define root mean square value of a function f (x) ina<x<b.
Solution:

/4

- 1
R.M.S value y = \/m,[b [f ()] dx.

28. Find the root mean square value of the function f (x) =x in the interval (0, I).

Solution:
_ \/1' \/1II°| I
R.M.S value = — x“dx= =1 ?\ R
|.|o I \/5

29. Find the R.M.S value of the function f(x)=xin (0,7).

Solution:
o (x3)"
[x dx | _‘ 3
R.M.S =10 =1L 3) :/7r_
T T 3

30. Find the root mean square value of the function f(x)=x 2 in the interval (-1,1)

Solution:
/1' /1Fx 2] 1
— [x dx— == —I :T
5

2l 2|_5J—1 2| 5]
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31. Find the R.M.S value of the function f () =x? in (0,7).

Sol: y= {1” " dx= \/1X—|ﬁ 2
7TJ0 al 5J0 ‘/g

32. State parseval’s identity (Theorem) of Fourier series.

Solution:
If f(x) has a Fourier series of the form
f(x)= i+ Z“’ (an cos nx + by sin nx) in (0,2 7), then
21
2 0
Lo foPdx=2 + 13 21p,7)
27k .
33. State parseval’s identity for the half —range cosine expansion of f(x) in (0, I ).
Solution:

T2£|2[f(x)]2dx:_aoz+2°°an2_

34. If the Fourier series of the function f(x) :x+x2 in the interval (- 7z,7) is
2 ©

120" icos nx — 2sin nx), then find the value of the infinite series

3 1 n n
1 1 1
<+ +—3 +.....
1 2 3
2 0
Solution: Given f(x)=Z_+2(-1)"( _4cos nx —2sin nx)
1 n n
V4 v 4
Put X=ﬂ,f((ﬂ):—+z—2
3 1 N

f(r)= 1[f(—7z)+f(7z)]—2[—7r+7r2+7z'+7r =72

1 N 1N 3
1 1 1 27%
F ot - +..... = T
7 o, 3 3x4 6
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35. State Parseval’s identity for full range expansion of f (x) as Fourier series in (0,2l).

Solution:
Let f(x) be a periodic function with period 2| defined in the interval (0,2l).

21 2 ©
L freoldx=2 413?42
then 2I |, 4 2 n-1 .

2

36. If the Fourier series corresponding to f(x) = x in the interval (0,2 7) is

2

2

d 2 ©

LZ"‘Z:(an2 +bn2)
1

Solution: By parseval’s identity

+ Z(an COs nx + by, sin nx) without finding the value of ag,an,byy, Find the values of
1

2
2w 2 2 1 5 1|—X3—|” 87,
— +X@ +by ) =2— x‘dx:—lo—l = .
2 27, al” k 3
37.1f cos °t =30 + X'(a, cos nt +by sin nt) in 0 <t < 27, find the sum of the series
2
2 1 © .
ﬂ"' _Z(anz +bnz).
- 2 © 2r
Solution: % +13@? +b)=_L costdt.
2
4 n=1 27 0
R
4
=7 Icose tdt
72- 0
2[5 31z 5
— == =
76 422] 16
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38. Find the value of a, in the cosine series expansion of f(x)=k in the

interval(0,10). Solution:
Here 1 =10 and f(x) =k

2 Nnzx
an = —jolo k cos— dx

10 10
( nx _|10
=X Isn 10 || =2_k[sin nz—sin0]=0.
5/ nz | nz
10 JL

39. Find the coefficient a5 of cos5x in the Fourier cosine series of the function
f(x) = sin 5x in the interval (0, 27).

Solution:
as :—}sz "sin 5x cos5xdx = % 2J.”Sin 10xdx
0 0
1 [ —cos10x |,
as =—| ——| =0 .
2z 10 o
40. In the Fourier expansion of
[ 2x
1+ —,—7r<x <0
f(x) =1 4 in (-z, 7). find the value of b, , the coefficient of sin nx.
-2 O<x<rx
L T
Solution:
[ 2x
[t +——7r<X<0
feo=1 7~
o 2_X,0 <X<7
IL p
[ 2x
n—0<x<7x
Lf={ 7
142X —7r<x<0
.z
= f(x)=f(x)

. £(x) Is an even function in (-7, 7).
Hence the coefficient b, =0, since the Fourier series contains only cosine terms.
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41. Find the value of a, in the cosine series expansion of f(x)=5 in the
interval(0,8). Solution:

Here | =8 and f(x) =5

2(g N 7zX
an :—Jo 5 cos—dx
4 4
[ nax P
5lsin 7 | 5r. _
=2| | =—2[sin2nz-sin 0]=0.
4 nz | (1F/4
L4
42. Find the sine series for the function f(x) =1, 0<x< r.
Solution:

Given f(x) =1
2
—”fsin nxdx
n 0
2 s
BRG] _ cosnx |

2
_ = 7[1- (-1
n]LﬂJon

0

an sin nx.
.. The Fourier sine series of f(x) =

f(x)= A[sinx+SiN3x sin5x, ]
n 3 5

43. Find the sine series for f (x) =1 |

Solution:  f(x)=2b, sinN7X dx

n-1 |

1
|
sin ”_?de +1 (0)dx

| L
| 2 |

b =21 f(x)sinNXdx=2
0

10
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[ nax |z
2| —cos 7| -2 nz 1 2T Nz |
T : nz : Tzl 2 YT nz‘zL_COS 2]
L I JO
w 2] nz!| nax
St =2 — |* —cos |sin ——
Nzl 2]
w 4 2 Nz nax| 29—|
:Z —__sin _sin_| 1—-cos@=2sin _|
n=1 nﬂ' 4 I |_ ZJ

44. Define Harmonic Analysis.

Ans: The process of finding the fourier series for a function given by numerical value is
known as Harmonic Analysis.

45.1f f(x)=2x in (0,4) then find the value of a; in the fourier series expansion.
Sol:
Given f(x)=2x in (0,4)
1y Nzx
a, =+~ 'f(x) cos——dx
0
1, 271X
~a, =7 2x cos—z dx
0
xsina cosm |, 1 1
7 + | =—-—=0.

| (/r) b = =

11
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Unit Il -Fourier Transforms
Two Mark Question & Answers

1) State Fourier Integral Theorem

Sol:
If f (X) is piecewise continuous, has piecewise continuous derivatives in

every finite interval in (—0, ) and absolutely integrable in (—o0, ©©) ,then

f(x)= OOI Do.[f (t)eis (1) ditds (or) equivalently

27

—00—00

1
£ = —=f [ £ (t) cos{s(x — t)}dtds.

0—

This is known as Fourier Integral of f (X) .

2) Define Fourier transform and its inverse transform. (or)Write the
Fourier transform pair.

1 “Jf (™ dx.
N2

Sol: The Fourier transform of a function f (X) is F[ f (X)] =

The function f(x) = _1 OO,[F[ f (X)]e_isx ds is called the inverse formula for the

27

Fourier transform of F[ f (X)] .

3) Define Fourier sine transform and its inverse.

7
Sol: Fourier sine transform of f(X) is defined as F [E(X)] = —27f (x) sin sxdx..
0

2
Its inverse is defined by f (X) :,(77 wIFS [ f (X)]sin sxds.

0

12
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4) Find the Fourier Transform of f (x) = 1 |X| <1
o X>1

Sol:

We know that

FIEe]=_ L f(0e™ dx.
V2T
1 1 1 ’7eisx—|l
= gy — EISX dX = " - |
N N IS
27 2r L L
2 |e® —e™® 2 1 .. 2sins
= _, || =_____ 2isins :\/__.
N2zl 2is | 2z 2is TS
5) Define Fourier cosine transform and its inverse.
7
Sol: Fourier cosine transform of f (X) is defined as F [ f (X)] = \/;w f (x) cossxdx .
0

=)
Its inverse is defined by f(X)= 2 " F [ f(x)]cossxds.
C

0

13
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0, x<a
6) Find the Fourier Transform of f (x) =1) a<x < Db

0, x>b
Sol: FLF 001 = _L_ “ f00e™ dx
27
1 b 1 'Veisx—|b 1 reisb—eisa—|
— Jeisxdx — _|: | |
27 . ozl is L, 2zl 2is |
7) Find the Fourier transform of € sk .
Sol:
F)=FeW]=_1 “fene™dx.=_1 “fellcossxdx+_1 “[e-l,lsin sxdx.
27T 27T 27T -
\/Ew » \/_2F 1]
=1/"Je cossxdx.= || 7 |
T o 7Z|_1+S J

14
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8) Find the Fourier Cosine Transformof f(X)= X 0<x<l
2 —X 1<x<?2
0 X>2

Sol: We know that

FIf(X)]= \/E i f (x) cossxdx.

721 2 1
= |- \J x cossxdx + [(2 — X) cossxdx |
7 Lo . ]
_H_ [sinsx ] cossx ' T sinsx  cossx |2 |
I+ —| L(z —X) —— |
7L L s S b S S L
] ]
[sins 4 coss — 14 coss _ cos2s —sins |
—_
| ssssss |

2

_\/2 1 [2coss-cos2s—1].
7S

cosx, O<x<a

9) Find the Fourier cosine transform of f (X) = .
Xza

Sol:

F (s) = \/ 2 2 cos x cos sxdx \/ 2 12 cos(s +1)x + cos(s —1)x]dx

15
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1 [sin(s+1)x sin(s—l)xﬂa 1 I_sin(s+1)a sin(s—l)aT|
= +

= |
\/;L s+1 ' s-1 |, ‘/;L s+1 s-1 |

10) Find the Fourier cosine transformof f(X)= 1 &<x<a

0 X>a
Sol:
- - -
. [sinsx 2 sin sa
Fe(S) = 4[— Jcossxdx = —] | =,
7o 7ZL S Jo TS

11) Find the Fourier cosine Transform of € &

,a>0. Sol: We know that

F1F 001 =) () cossxd.

0
Fle™]= 2= e ¥ cossxdx.
c n
0

:\/?f a |
7t—| 242 |Lsb ]

12) Find the Fourier cosine transform of f (X) = X.

Sol: We know that

FIf(X)]= \/E T f (x) cossxdx. = \/E °j X COssxdx
c /4 VA
0

> . ) > r e—isx e—isx -‘w
- \/:R.PJ xe X dx = \/:R.P| X _ ;|

P 2 L (Hs) (His) Jo

16
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13) Find the Fourier Sine transform of f(X)=¢ ",

Sol: We know that

200 _200 —X §| S |
Fs[f(0)]= 4/~ f(¥)sinsxdx= ,[—F sinsxdx= —|—3 |
7o 7o rls +1]

14) Find the Fourier cosine transform of 26_3 gt 36_2 .

Sol: F[2e ™ +3e“*]= \/_2°° (27 +3e“™) cossxdx
C

T

0

il . ]
= | —2le®* cos sxdx + 3fe2* cos sxdx |
N 0 0
2l 1 3 )Y [ 2] 2l 1 1]
=, |43 |+ 3| — = §—I1—= + 2 |
zL s +9) s +4)/] als +9 s +4]
15) Find the Fourier cosine transform of 52X+ 28X,
sol: F¢ [5e_2X+2e_5X]=wj(5e_zx+2e_5x)cossxdx
0
\/7F . . 1
= | —5Je?* cos sxdx + 2Je™> * cos sxdx |
7ZL 0 0 J
21 (2 )Y ( 5 I 2] 1 1 |
=78 T2 |+ 2| — I1=104/—] — + 72 |
Ll \s +4) \s +25/] als +4 s +25]

17
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16) Find the Fourier cosine transform of e ™ cos ax

7y
sol: F e cosax]=_[-2.. * cosaxcos sxdx
C

nh 2 [cos(s + a)x + cos(s — a)x]dx
1

0

. l
{Je cos(s + a)dx + Je"* cos(s — a)dx

V27 Lo 0 J
1 [ a a ]
Z\/—I 7 7t 2 7 |
a
221 +(+a) a +(s-a) |

17) Find the Fourier cosine transform of e ™ sin ax

=
Sol: F[e®sinax]= |2% e ® sin axcos sxdx
C

1 [~ . ]
{Je ™ sin( s + a)xdx —Je™ sin( s — a)xdx
V 27l LO 0 J
1 [ s+a s—a
= \/—I 2 2 2 2 |
27zLa +(s+a) a +(s-a) |

18
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18) Find the Fourier Sine Transformof f(X)= X 0<x
<1
2-X 1l<x<2
0 X>2:
Sol: We know that
F[f(x)]=\/zﬂojc f (x) sin sxdx
° 0
\/_(1 2 1
—\Jx5|nsxdx+f (2 —x) sin sxdx |
7o 1
2 I~ cossx | sinsx ' [ —sinsx 121|
== ‘ |+ — | W(Z ~¥%) sin sx
L sl S —s=—]| |
L 1]
\/’Zr— C0Ss 4 sin's _sin 25 1 coss 4 sin s |
LJszszszss
2 | 1—coss |
25|nq I
s
1

19) Find the Fourier sine transform of y .

(1] 77 sin sx 27 [z [ “sinmx 2l
Sol: 5| —I7 ,/—] dx.= \/——=\/: | ) dx= —|
| x | 710 X 72 2 | o X 2]

20) Find the Fourier sine transform of 3e°* 152X

sol: Fs[3e™" +562% )= 2" (3e5 +5672%) sin sxdx

L

19
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2 rw -5x 0 -2X —|
= —1) 3e sinsxdx+J58  siew

ﬂ|_0 0
2[_s T+5| E H
7z|_ Ls +25J |_s +4JJ

21) Find the Fourier sine transform of fe-4x + 477

V1 jO
Sol: Fs [ 76 4% +4e7" ] :\/Z‘” (7e™** + 467" *) sin sxdx

’7“’ ~4x ©  -TX —|
—l] Te sinsxdx+] 48 s
7lo ]

_2H51Fsﬂ

=4[ | +4—3 |

al s +16 ] s +49 ]

sinx, 0<x<a
22) Find the Fourier sine transform of f (X) =
0 X>a

Sol:

F(s)= \/Eﬂejisinxsinsxdx:\/zﬂ_%i[cos(s—l)x—cos(s+l)x]dx
1 [sin(s-1)x sin(s+L)x P 1 rsin(s—l)a sin(s+1)a |

= | - | = - |
‘/Z_L s-1 ‘/_|_ s-1 s+1 |

T s+1 Jo
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23) Solve the integral equation Oo_[ f (X) cosAxdx = e
0

Sol: Given °°J f (X) cosAxdx = e~
0

J fumwume_eg
7 i

JUE \f
AfX)=F 7t \/7 2 |—\/7 \/:e cosAxdA

_2( 1)

nl1+x )

' f(x)| |.

24) State and prove change of scale property.

Sol: FLf@)]=_L “f f(@x)e™ dx.
V2T o
=_1 Jf(t)e 2t 9 (by putting t=ax)
Vor . a
Flf@=t /5, a0
a a
Similarly F[ f (ax)] = 1 J. e o dt ifa<0

*/; . a
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1 (s)
FLf (@] = “H lifa<0
a \a/

Hence F[F(@]= L /)
la|] la)

25) If ¢ [S] is the Fourier cosine transform of f (X) ,prove that the Fourier cosine

transformof  f(ax)is l F =)
a \a)

o0

sol: Fo[f(ax)]=) /jo f (ax) cossxdx

Putax=t, dx= ﬂ,t 0> .

a

\/2 . (s \dt 1 [2, (s)
= |— | f(t)cos| —t|l— = — _[— ) f(x)cosl — Ixdx
To \a )a al'l o Kaj

1 (i\

F| l.ala/

26) If Fs [s] is the Fourier cosine transform of f (X) , prove that the Fourier cosine

S
transform of f (ax) is —F [ ="

a \a/

Sol: Fs[f(ax)]: \/wa(ax)sinsxdx
0

Putax=t,dx = ﬂ,t:O.tooo
a

\['z‘w (s \dt 1\/700 s
= [— f()sinl —tl— = _ _J f(t)sin __tdt

72'.[0 \la Ja a 7o a
22
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LF(s),
a \a)

27) If F (S) is the Fourier transform of f (X) , find the Fourier transform of f (X — a) .

sol F[f(x—a)] = L “[e™ f(x— a)dx
27 o

Putx—a=t, dx=dtt: -0 — o

=1 w,[eis @ f(t)dt

N

FLf(x—a)]=e"F(s)
28) If F (S) is the Fourier transform of f (X) ,find the Fourier transform of el f (x).

sol:[e™ f(X)] 1 _ _
——— =Je® f (x)e™ dx
27T

=1 wff(x)ei(“a)xdx:F(SJra)
\/271_00

29) If F (S) is the Fourier transform of f (X) , find the Fourier transform of f (X + @) .

sol F[f(x+a)]= 1 “Jé™ f(x+a)dx
27 _y

Putx+a=t, dx=dtt: -0 —> o
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F[f(x+a)]=e"*F ()

30) If F (S) is the Fourier transform of f (X) ,find the Fourier transform

fe 7% (x) .
sol: Fle ™ f(x)]= 1 “[et (0™ dx
Var,
_ 1 e )X gx=F (s—a)
Vor_,

31) If F (S) is the Fourier transform of f (X) , derive the formula for the Fourier

transform of f (X) COS ax in terms of F.

Sol:
FL () cos ]~ () cos ane™ k- | 101"
x)cosax]=—__ f(x)cosaxe™ dx=___ [ fo)| — ™
— I = |
a 2r i 2 ]
i 1 jf(x) Qi(s+a)x +8|(s—a)x]dx
2V,
1( 1 1, ]
| Jf(x)e‘(s*a)xdx+ J f ()’ () ¥ dix |
—
2|_ 27 27 ]
=1l[F(s+a)+F (s-a)]
2

24



DHANALAKSHMI SRINIVASAN

COLLEGE OF ENGINEERING AND TECHNOLOGY
DEPARTMENT OF MECHANICAL ENGINEERING

S
X CHENNALZ

N
LEARNING FOR EXCELLENC

32) If F5 (S) is the Fourier sine transform of f (X) ,show that

1
Fs [ f(x) cosax] =— 2 [Fs (s +a) + Fs (s —a)]

Sol:

2
Fs [ f(x) cos ax] =\—/;z' °°I f (x) cosax sin sxdx

1 [s )
=9 EIO f ([sin(s + a)x + sin(s — a)x]dx

12 ) 12, _
= E\/;mgf (x) sin(s + a)xdx + % \/tzoj‘f(x) sin(s — a)xdx .

= 1[F(s+a)+F(s—a)]
2 S S

33) If F; (S) is the Fourier cosine transform of f (X) ,show that

1
Fc[f(X)cosax]= 2 [F.(s+a)+F.(s—a)]

Sol:

12
Fe [T (x) cos ax] ﬁ:/;z- OOI f (X) cosax cossxdx

1 0
=9 EIO f (x)[cos(s + a)x + cos(s — a)x]dx

1(\/‘& \/700
= —| . [— ) f(x) cos(s + a)xdx + — ) f(x) cos(s — a)xdx | .
ZL i

0 ﬂO

=1l[F(s+a)+F(s-a)]
2 C C
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34) If F5 (S) is the Fourier sine transform of f (X) ,show that

F[f(x)sinax] =L[F (a-s)-F (s +a)]
S 2 c c

Sol:

F[f(x)sinax] = \/Zojo f (x) sin ax sin sxdx
S T
0

1 0
=9 (iz-[o f (x)[cos(a — s)x — cos(a + s)x]dx

1l \/700 \/7 w0
= —| .| —)f(x)cos(a-s)xdx - — ) f(x) cos(s + a)xdx | .
2L i /i

0 0

1
= 2[Fc(@a-s)-Fc(s+a)

35) If F5 (S) is the Fourier sine transform of f (X) ,show that
_ 1
Fe[f(X)sinax] = 2 [Fs(s+a)+Fs(s—a)]

Sol: F [f(x)sinax] =_| 2= f(x) sin ax cossxdx
0

1 [0 0]
=9 EIG f (x)[sin(a + s)x + sin(a — s)x]dx

1(\/% \/’w ]
= —| ./— ) f(x)sin(a+s)xdx + — | f(x) sin(a—s)xdx|.
2|\ 2 n |

0 0

=1lF(a-s)+F(s+a)
2 S S
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' [d"f(x) ]
36) Find F[x f (x)] and F| 0 |in terms of Fourier transform of f (X) .
L dx |
d n
Sol: FIx" f(X)] = (-i)" — [F ()]
ds
[d" ]
Tl — f(x) | = (—is)" F (5) where F (s) = F[ f (X)] .
| dx |
37) Prove that F [xf ()] =— _4_[F (s)]
S S c

Sol: We know that F¢ [ f (X)] =\ ﬂjﬁf (x) cossxdx.

Diff both sides w.r.t s

d © 0 2
—F[f()]= — J f(x) — (cossx)dx = —
ds ¢ n 0s n

0

f (X)(—x sin sx)dx

O g

=_.\/7_—Z.2 w,[ f (X)x sin sxdx =-Fg [xf (X)]

d
(i.e) Fs Xf ()]=—(ds [Fc(s)]
38) Show that F¢ [xf ()] = s Fs [s]
2
Sol: Fs [s]:-\7—z- _[f (x) sin sxdx

Diff both sides w.r.t s,

dF@E)= JE J°° f (x)(x cossx)dx = F [xf (x)]

ds s
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39) Find the Fourier cosine transform of xe =

dl 2 s 1 27 a*-s* |

d
Sol: F¢ [Xe—ax]: _FS [e—ax]:_l\/—sz +a,]| Z\/;‘ (s2+az), |
dS_ d5|_ T | | |
—ax 2w -ax 2( s )
since Fg [e 1= |—e sinsxdx= |— —% 2
\/7: 0 \/7[\8 +a )
40) Find the Fourier sine transform of xe &
d dl 7 s 1 21 2as |
Sol:Fs[Xe_aX]=— Fs[e_ax]z— |\/ ) 2|=\/7Z'| (Sz+az)2|
_ds ds| zs +a | L |
) 2 . 2( a )
sinceFc[e ]=4["f cossxdx =4/—|—7—2 |
T o ﬂ'KS +a )

41) State the Parseval’s identity for Fourier Transform.

F(s)P ds= | (%) dx where F (s) = F[f (X)]

00

Sol: 4

42) State the Parsevals identity for Fourier sine and cosine transform.

Sol: wleC (S)| 2 ds = jlf (X)|2 dx where F¢ (S) =F [f (X)] .

£ (x)|? dx where Fs (s) = Fs [ f (x)]

sl =]
0 0
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43) State the Convolution theorem for Fourier transforms

Sol: If F[f(X)] = F (s) and F[g(X)] = G(s)

Then F[f(X) *g(X)] =F(s).G(s) wheref*g= _1 OOJ-f (g(x — t)dt
JZ

—00

44) Find the Fourier transform of e_alxI

sol: We know that F[f(x)] = _1 OOI f (x)e'™ dx.

N2,
Fle®nj=_1_ w[e—alxleisx dx=_1 wfe—alxl(cos SX + i sin sx)dx
27 27
- f a 1
TJ oS sxdx =
27 s +a J
as)1fe” = 27 _S _sin sxds then show that 7/ XSin MXdx =7z e "
oS +1 ol+m 2
* =2._S sinsxd is T S
Sol: Givene X =-S9_—>_sinsxds thatis £ —~x _ _ 3 .
2.5 41 ) xfoserlsm sxds .
Putx=m,we ., —”e—m = 4—5 sin smds =wj ——Sin mxdx .
get 2 52 +1 X 41

46) Prove that F[ f (—Xx)] = F (-5)

1 .
sot: F[F()]=__ “Jf(xe™ o

\/Zﬂ_oo
Put —X=Y wheredX X=-00,y=c0

=—dy where X=00,y=-00
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0

LJ f(y)e™ (-dy)=_1_Jt(y)e™ay
N Vor ..
1 fe™ax=_L Jr0e ) dx=F (9)
Vor., Vor
47) Prove that F[x " f (X)] = (=i)"
ds"
Sl F ()= _1_“J (x)e™ d
Vor
dr@E=d_1 Troax=_1_ Trpe™ ioex
ds ds Y27 _y E_w
3= S e ik = — | £ (0™ (i)
ds ds \/Z o \/; o

In general F(s) ()" Jx F(x)e™ dx = (i)" F[x " f ()].
° ds ‘/2_7r

n

Hence F[x " f (x)] = (-i) " d—F (s).

!

48) Prove that Fs (f (X)) = —SF(S)

Sol: F(f'(x)= \/ono f’(x) sin sxdx = \/E °° sin sxd (f (x))

0

2
. \/} r| [sin sxf (0] [  (9s cos SXOI><1|
Lo

\/7| . |
= |J—|79 f (x) cos sxdx | J =-sF(s)

7ZL 0
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49) Give the function which is self reciprocal under fourier sine and cosine transform.

Ans: f(x)= _1
Jx

50) State modulation theorem in Fourier

transforms. Ans:

IfF (s)=F[f(X)], then F[ f (x) cosax] = 12—[F (s+a)+F(s—a)]

1

51) Find the fourier sine transform of y .

{‘2
sol: Fs [f(X)] =\ 7 OOI f (x) sin sxdx

0

0

1
=N— r sin sxdx
o X
1 Y
From complex analysis, wj;SIn SXdx = E (contour integration over semi circle)
0

52) State Parseval’s identity on complex fourier transform.

Sol: OOJ.||: (5)|2 ds = .|f (X)|2 dx where F (s) = F[ f (X)]

—00

53) Find the finite fourier sine transform of f (X) = 2x O<x<4.

Sol: FIf(X)]= \ono f (X) sin sxdx

0
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4

= \/;jo 2x sin sx dx

o
= 2721~ x cossx + Sin sx |
—| 7 |
7z|_ S S Jo

FIFX] = %/Er— 4 cosds . sin Azfs]
al s s |

2
54) fF{f(X)}=F (s) ,provethat F{x 2§ X)}= —% F (s)

Sol: Since, F(s)= _1 w,[f (X)eiSX dx

27 _o

dr@E=-0_1 ree™o=_1 “ffxe™ @
2r 2

ds ds 0 _

LF(s)= 4.1 ) £ ()™ (ix)dx

ds ds \/; o

00

1] £ 6™ (i) dx = -

1 w,[(x 2 f (X))eisx dx = F{x2 f (x)}
V2r

272._00 71-—00

Hence F{x*f()}=— ° F(s).
ds 2

: . . (x, O<x<z
55) Find the Fourier cosine transform of  f (x) =+

LO, X2
Sol:

FC[ f(x)] = \/ %T f (x) cossxdx = \/E X cossxdx
0

0
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— [2] xsin sx cossx—| cOSS T
s + \ - z’

UNIT-IV Applications of Partial Differential Equations
Two Marks Questions And Answers

ou ou ou ou du

1. Classify: 2= +—+ - =0
oxtoxdy oy2  ox oy

Solution:

Here, A=1,B=2C=1

. B*—4AC=4-4=0
.. The given P.D.E is parabolic.
2. classify: 2fxx +fxy _fyy +fX +3fy :0

Solution:

Here, A=2,B=1,C=-1
B2 -4AC=1-422)(-1)=1+8=9>0
‘. The given P.D.E is hyperbolic.

Solution:

Here, A=1,B=3,C=4
B2 —-4AC=9-4(1)(4)=9-16=-7<0

. The given P.D.E is elliptic.
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2 a2u 2 82u
4. Classify: X™ —+(1-y") ——=0,—0<x<ow,-1l<y<l
axzfiy2
Solution:
A=x*,B=0C=(1-y?)
B2 —4AC=0-4C(1-y2)=-4 1 -y?) =4 (1-y?)
B2 —4AC=4°(1-y?)>0,
{ X2 >0and—1<y<1:>y2 <1.'.1—y2 > 0}
.. The given P.D.E is elliptic.
&’ u A , P u
5 Classify: (1 +X2)—5 + (5+ 2X 2)—— + (4 + x ) —5 =0
fr:{ )mz ( )&a ( )aﬁ
Solution:

A=1+x%2 B=5+2x%>C=4+x?
S BZ—4AC=(5+2x2)P2-41L+x*)4+x?)
=25+20x2+4x*-16-20x%2+4x*=9>0

.. The given P.D.E is hyperbolic.

X
6. C|aSSify: U XX + yU Xy +_4, U vy _U X +U == O .

Solution:

A=1B=yC=X
4

B2 -4AC=y° -4(1)l éﬁzyz —X
\4)
.'.BZ—4AC:y2—X>O, if y2>x:>hyperbolic

=0, |if y2 = X = parabolic
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<0, if y? <x= elliptic
7. Classify: Xfy +Yyfyy =0,x>0,y>0

Solution:

A=x,B=0,C=y
~. B> —4AC =0 - 4xy=—4xy <0{ .. x>0andy >0}

—> Given P.D.E is elliptic.
8. Classify the following P.D.E y2U xx— 2XyUyy + XU y +2Uy —3U=0
Solution:

A=y? B=-2xy,C=x?2
B2 —4AC=4x2%y? —4y?x? =0

—> The given P.D.E is parabolic.
. 2 2 2
9.C|aSSIfy:y Uxx+Uyy +UX +Uy +7:0
Solution:

A=y? B=0,c=1
B2 -4AC=0-4y?=-4y? <0

—>The given P.D.E is elliptic.
10. (a)Classify: Xfyy +fyy =0

Solution:

A=x,B=0,C=1
- B? —4 AC =0 - 4x = —4x < 0,ifx > 0 = elliptic

=0,ifx =0 = parabolic
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> p <

> 0,ifx < 0 = hyperbolic.

2 2 2
TU 400 +68l;—28u -u=0

(b). Classify: 3 5
OX oxoy oy oy

11. State one —dimensional wave equation.

The one-dimensional wave equation is

aZy aZy

2
2 =4
ot
12. What is the constant a 2 in the wave equation Uy =a 2uXX ?

Solution:

T
a 2 :H Where “T” is the tension caused by stretching the string before fixing it at the end

points, and “m” is the mass per unit length of the string.
13. State the possible solutions of one dimensional wave
equation. Solution:

The possible solutions of one dimensional wave equation are

y(X,t) = (Aepx +Be pX )(Ce pat + De pat )
y(x,t) = (Acos px + B sin px)(C cos pat + D sin
pat) y(x,t) = (Ax + B)(Cx + D)

14. State the assumptions made in the derivation of one dimensional wave
equation. Solution:

(1)The mass of the string per unit length is constant.

(2)The string is perfectly elastic and does not offer any resistance to bending
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3)The tension “T” caused by stretching the string before fixing it at the end points is constant at all
points of the deflected string and at all times.

(4) “T” is so large that other external forces such as weight of the string and friction may
be considered negligible.

oy

(5)Deflection “y” and the slope 8)( at every point of the string are small, so that their higher powers
may be neglected.

15. Write the boundary conditions and initial conditions for solving the vibration of string equation, if
the string (of length “I”) is subjected initial displacement f (X)

Solution:
Boundary conditions:

y(0,t)=0
y(I,t)=0

Initial conditions:
(2.
NGO

y(X,0) = f (X) =initial development.

0

16. Write the boundary conditions and initial conditions for solving the vibration of string equation, if
the string (of length |) is subjected to the initial velocity g(x)

Solution:
Boundary conditions: Initial conditions:
x,0)=0
y(0. )= 0 y(x,0)
0
y(l, ) =0 () _ g

ka'[)t =0
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17. Write the boundary conditions and initial conditions for solving the vibration of string equation, if
the string is subjected to initial displacement f (X) and initial velocity g ( X)

Solution:
Boundary conditions: Initial conditions:
y(0.1) =0 [ ﬂ’) - ()
Ot Ji=
I,t)=0 t=0
V() y(0) = ()

18. A tightly stretched string of length “2|” is fastened at both ends. The mid point of the string is
displaced by a distance “b” transversely and the string is released from rest in this position. Write the

boundary and initial conditions.

Solution:
0(0,0), M = (I,b), A= (21,0)
lineOM :

y_ylzx_xl
y —-Vy X —X
2

1 2 1
_y-0_x-0
b-0 [1-0
y X
=b = |
bx
=y=""]|
lineMA:
y—b= x-I
a-b 21-1
y_— b_X — |
= = = |
=y—b==bx=
Ni
- = bl —bx + bl = b(2l - x)

y
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y(0,t)=0
y(21,t) =0
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Initial conditions:

ay )
(—y|=0
NG
%, <x<I|
y(x,0) =
b2I-%) <x< 2l
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19. A uniform string of length “I” is fastened at both ends. The string is at rest, with the point X=b
drawn aside through a small distance “d” and released at time t=0.Write the initial conditions,

0(0,0), A=(1,0)

lineOB
Y—V1 _ X=X
y -y X —X
2 1

y—= 0 "x -0 'y
=¢——0=b— 0 =>d
=p =Yy= pxlineBA
y-yi X-% y-d x-b
yz—){:x —>§:>0—dzl—b

2

:y—d::g(lz
b)I-b
—dl—db —dx+
y dbl-b
y:d_a;x;
Solution: I-b
.. Initialconditions
([ oy)
Y =0
\ 6t~
d
b_x,O<
Y(.0) = x<b
d(1-x)
I-b b<x<l
40
LineOA
Y—-Y1 - X—-X1

y -y X =X
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2 2

X —0 y X X
=10-0 = 1= 10=>y= 10

y—0
= 1-0

20. The points of trisection of a tightly stretched string of length 30 cm with fixed ends pulled aside
through a distance of 1cm on opposite sides of the position of equilibrium and the string is
released from rest. Write the boundary and initial conditions.

Solution:

0(0,0), A(10.1), B(20,~1),C(30,0)

LineAB
y-1 -x-10 - y-1_x-10_y_7-x-10
-1-1 20-10 -2 10 -5
= _,—{x-10)
y1+| ( .
\ 5 )
—5-—x+10-15-x
y 55
LineBC
y+l = x-20
0+1 30-10
y +1 —_X- 20
10
10 10
Initialconditions:

([ oy) _o,

\ ot

X 0<x<10
10

yo,H=< 1 ‘5" 10<x<20

X*”é’ 20<x<30
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21. State one dimensional heat flow equation.

u ,u
0 —aza_

ot ox?

22. What does "o > " denote in one dimensional heat flow equation.

a2 = L Where K - Thermal conductivity
Cp
p - Density

C - Specific heat

23. State three possible solutions of one dimensional heat flow equation.

U(X,t) = (Aepx +Be px )e pza %

- Poa ot

u(x,t) = (Acos px + B sin px)e
u(x,t) =Ax+B

24. State two laws used in the derivation of one dimensional heat flow
equation. Laws of thermodynamics:

1. Increase in heat in the element in At time
= (specific heat) (mass of the element) (Increase in temperature)

2. The rate of flow of heat across any area “A” is proportional to A and the temperature
ou

gradient normal to the area, (i.e.) OX . Where the constant of the

Proportionality is the thermal conductivity.
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-{me ron sceree
25. A uniform rod of length 50 cm with insulated sides is initially at a uniform temperature 100°C
Its ends are kept at 0°C write the boundary and initially conditions.

Solution:

Boundary conditions:

u(0,t)=0
u(50,t) =0

Initial conditions:
u(x,0) = 100°c

26. Write the boundary and initial conditions in a homogeneous bar of length 7 which is insulated
laterally, if the ends are kept at zero temperature and if, initially, the temperature is “k” at the
centre of the bar and fully uniformly to zero at its ends.

Solution:

0(0,0): A= ff ,k‘\;B =(x,0)
\ 2
ThelineOA

Y=V1= X=X1
y —;1/ X —X

:>y—0: x—0:>
k-0
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ThelineAB

z
Y=V1 - X=X y-kK_x=2
Y2-y1 X -X 0-Kk Vs

2

ﬂ'_
-
y -k X P —2k|( ﬂ\l
- - — £y k = X— —
Kz z U 2)
2

—vy= kr—2k x+ kx

Vs
o K(r=x)
T
Boundary conditions:
u(0,t)=0
u(z,t)=0
Initial conditions:
2kx T
el O<x<
T 2
<

u(x,0) =

2(7-X) T<x< 1

T 2

27. A rod of length 20 cm has its ends A and B kept at 30°C and 90°C respectively, until steady state
conditions prevail. Find the steady state solution.

Solution:

Boundary conditions:

u(0, t) = 30° — — — —(1)
u(20, t) = 90° — — — —(2)
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The solution of steady state is
ux)=ax+b—-—--——(3)

Applying (1) in (3),
u(0) =b=230°
= b =230°
Applying (2) in (3),
u(20) = 20a + b =90°
= 20a+ b =90°
= 20a + 30°=90°

= 20a = 60°
=a=3

Substitute “a” & “b” in (3),

u(x) =3x + 30°

28. An insulated rod of length 60 cm has its ends at A and B maintained at 20°C and 80°C
respectively. Find the steady state solution of the rod.

Solution:

One dimensional heat flow equation is
2 s -——-()
a  ox

Boundary condition:

u(0,t) = 20° — — — —(2)
u(60,t) = 80° — — — —(3)
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The steady state solution of equation (1) is
ux)=ax+b—---—(4)
Applying (2) in (4), we get

u(0) =20 = a(0) + b =20
=b=20

Applying (3) in (4), we get

u(60) = 80° = a(60) + b = 80°
= 60a + 20 =80

= 60a =60

=a=1

Substitute “a” and “b” in (4), we get

u(x) = 1.x + 20°
=X+ 20°

29. When the ends of a rod length 20 cm are maintain at the temperature 10°C and
20°C respectively until steady state is prevailed. Determine the steady state temperature of the rod.

Solutio:
The steady state solution is
ux,t)=ax+b—-—--—(1)
The boundary conditions are
u(0) =10° — - - —(2)
u(20) = 20° - - -—(3)
Applying (2) in (1), we get

u@=a0+b=10
b=10
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> p <

Applying (3) in (1), we get

u(20) =a.20 + b= 20
— 20a +10 = 20
— 20a =10

10
—a="20

1

—a="2
Substitute “a” & “b” in (1)

X
u=7 +10

30. What is the basic difference between the solutions of one dimensional wave equation and

one dimensional heat equation?
Solution:

The suitable solution y(x,t) = ( Acos px + Bsin px)(C cos pat + Dsin pat) of one

dimensional wave equation is periodic in nature. But the solution

u(x,t) = (Acos px + Bsin px)e™* P of one dimensional heat flow equation is

not periodic in nature.

31. Write the steady state two dimensional heat flow equation in Cartesian co-

ordinates. Solution:

The two dimensional heat flow equation is

0%u 4 &%

r (1)
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32. Write the possible solutions of two dimensional heat flow equation.

The possible solutions are

u(x, y) = (Ae ™ + Be~ ™ )(C cos py + D sin py)

u(x, y) = (Acos px + B sin px)(ce P L pe MY )
u(x, y) = (Ax + B)(Cx + D)

33. A rectangular plate with insulated surfaces is 8 cm wide and so long compared to its width that it
may be considered infinite in length. If the temperature along one short edge y=0 is kept at

u(x,0) =100 sin Lﬂ)',o < X < 8,while the other two long edges X = 0 and X = 8 as well as short
8

edges are kept at 0°C, write the boundary conditions.

Solution:

The Boundary conditions are

u0,y)=0
ue@,y)=0
It u(x,y)=0

T X
u(x,0)=100sin""8

34. A rectangular plate with insulated surfaces is 10 cm wide and so long compared to its width that
it may be considered infinite in length. The temperature along short edge

20,0 <x<5
u(x,0) =

20(10 — X),5 < x <10
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Other edges are kept at 0°C. Write the boundary conditions.
Solution:
Boundary conditions:

u(0,y)=0
u(10,y)=0
It u(x,y)=0

y—x©

0x,0<x<5
u(x,0) =

20(10 - x),5 <x <10

35. An infinitely long rectangular plate with insulated surface is 10 cm wide. The two long edges
are one short edge are kept at 0°C while the other short edge x=0 is kept at

20y;,0<x<5

(10-y);5<y<10

Solution:

Boundary conditions:

u(x,0)=0
u(x,210) =0
ltu(x,y)=0

X—>0
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20y,0<y<5

u,y)=u=
20(10-y),5<y<10

36. A square plate is bounded by the lines X =0, y =0, X=20, y = 20. its faces are insulated. The

temperature along the upper horizontal edge is given by

u(x,20) = x(20 — x),0 < X < 20 While the other three edges are kept at 0°C .Write the Boundary
conditions.

Solution:

Boundary conditions are

u(0,y)=0
u(20,y)=0
u(x,0)=0

u(x,20) = x(20 — x)

37. A square plane of side 30 cm is bounded by x =0, x = 30, y = 30.the edges X = 30, y = 0 are kept
and X =0, y =20 are kept at

50°c 0°c, Formulate the problem.
Solution:

Boundary conditions:

u(0, y) = 0 u(30,

y)=0u(x,0) =
50° u(x,30°) =
OO
38. A rectangular plate with insulated surfaces is a cm wide
and so long compared to its width that it

may be considered infinite in length without introducing an appreciable error. If the two long edges
X = 0 and X = @ and the short edge at infinity are kept at temperature 0°C , while the other short
edge y = 0 is kept at temperature “T” (constant) Write the Boundary conditions.
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Solution:

Boundary conditions:

u(0,y)=0
u(@y)=0
u(x, ) =0
ux,0)=T

39. An infinitely long plane uniform plate by two parallel edges and end right angles to them.
The breadth isz, and this end is maintained at a temperature Ug

and other edges are kept at 0°C . Write the Boundary conditions:
Solution:
Boundary conditions:

u,y)=0
u(z,y)=0
u(x, ©) =0
u(x,0) = up
40. An infinitely long plate in the form of an area is enclosed between the lines y = Oandy = r for

positive values of X .The temperature is zero along the edges X = 0 is kept at temperature k y , Find

the steady state temperature distribution in the plate.
Solution:

Boundary conditions:

u(x,0)=0
ux, z)=0
u(eo, y) =0
u0,y)=ky
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T
720 (20-y);10<y<20

While the other three edges are kept at 0°C, write the Boundary

Solution:
ux,00=0
u(x,20)=0
u(0,y)=0
T
10 y.0<y<10
u(20,y) =

T
70 (20-y);10<y<20
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conditions.

42. A rectangular plate is bounded by the lines x=0, x=a, y =0 & y = b .Its surfaces are insulated.

The temperatures along x =0, y = 0 are kept at 0°C and others at 100°C . Write the boundary

conditions.
Solution:
Boundary conditions:
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u0,y)=0
u(a, y) =100°c
u(x,0)=0
u(x, b) =100°c

43. Classify: Uyx =Uyy

Solution:

A=1,B=0,C=-1
B2 —4AC=0-4(1)(-1)=4>0

.. The given P.D.E is hyperbolic.

44, (a)Write the general solution of Y(X, t) of vibrating motion of a string of length "l" with fixed

end points and zero initial velocity.

Solution:

. (nax) [ nzct)
yx,t) = 2b, sinl lcos| |
N N N

44.(b) Write the general solution of Y(X, t) of vibrating motion of length "I"* and fixed end points and

zero initial shape.

Solution:

. (nax) (nzct) o (nax) [ nact)
y(x, ) = 2by sinl lsin| | y(x,t)=an sin| — |sin| - |

et Cr ) Lt ) net S A Y

45. Classify the P.D.E Xf ,, +yf,, =0

Solution:

A=x,B=0,C=y
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B?-4AC=0-4xy=-4xy<0 If ‘|_X<0&y<0—‘|
[x>0&y>0]

=0 if x=0o0r y=0

|_x|>0 y<O0]

>O If & | or
Lx<o& v

.. The given P.D.E is elliptic.

(1){x>0&y>0}(r){x<0&y<0}
if (2)x=0(or)y=0
(3){x>0&y<0}(or){x<0&y>0}

46. The ends A and B of a rod of 40 cm long are kept at 0°C and the initial temperature is 3X + 2,
formulate the model.

Solution:

Boundary conditions:
u(0,t)=0
u(40,t)=0
Initialconditions:
u(x,0) =3x+2
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47. A rod of length 20 cm whose one end is kept at 30°C and the other end at 70°C, until steady

state prevails, find the steady state temperature.
Solution:

Boundary conditions:

Applying (1) in (3),
u(Q)=a.0+b=30
=b=30

Applying (1) in (3),

u(20) = a(20) + b =70° = 20a + 30° = 70°
= 20a =40
=a=2

Substitute “a” and “b” in (3), we get
u(x) =2x + 30

48. A bar of length 50 cm has its ends kept at 20°C and 100°C until steady state prevails. Find the
temperature t any point

Solution:

uOt)=20c———-———— 1)
u(50,t) =100°c — — — — — — — (2

The steady state solution is
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ux)=ax+b—-—-—-——-—- (3)

Applying (1) in (3), we get

u(0)=a(0) +b =20
=b=20

Applying (2) in (3), we get

u(50) =a.50 + b = 100°
= 50a + 20 =100
= 50a =80

8
—a="5§5=16

a=1.6
Substitute “a” and “b” in (3), we get

u(x) =1.6x + 20

49. Write the general solution of y(x,t) of vibrating motion of length | and fixed end points and
zero initial shape.

Solution:

. (nax ) [ nact)
yoxt)=2b, sinl— [sinl— |.
A v ) U )
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50. Classify the P.D.E XUy, + 2XyUyy + (1+Y? )Uyy — 2Uy =0.
Solution:

A=x";:B=2xy;,C=1+y?
B2 —4AC=4x%y? —4x*(1+y?)=-4x? <0.

The given P.D.E is elliptic.
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11
UNIT V —Z transform
Two marks Q&A

1. Find the Z-transform ofab " (a, b 0).

Solution:

Z{ab"}=Dab"z?
n=0

. (b a az
—a)| = (b\—z—

n=1 \z) 1-1— |
\z)

2. Prove that Z[ f (t+ T )] =z[f (z) - f (0)] .

Solution:
Z[fE+T) =2 f(T+T) ™"
n=0

ST
= ZZOC[ f (n +1)T ]Z,( n+1)

=2 [f(KT)z*  wherek=n+1
n=0

=7[f(2) - (0)].
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3. Find the Z-transform of n?

Solution:
ZInl=2nz " =2
n=0 n=0 Z
= l + % + % + o
YA VA z

4.state the initial and final value theorem of Z-transform.
Solution:
If Z[n] = u (2) ,then

(i)Initial value theorem: lim un = lim (z)

n—0 s

(ii)Final value theorem: lim Un = |im (z —1)tr(z) .

n—o

-1
[a"]
5. find Z| —— | in z-transform.
| nt |
Solution:
|_ n—| n 0
=7 — (az
7121”7y 2,
L nt] oo n L, n
) n=0
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—+az +(az )+
1

1!

a

az_j

=e =e:
6. Find Z [e —lat ] using Z-transform.

Solution:

e ]=2 [ *1]

= {Z (1)}2_)2eian [by shifting property]

= !—_Z—I\ [since z(1)=2/z-1]
Lz-1] 176

_ e iat .
6™ 1

7. State and prove that initial value thorem in Z-

transform. Solution:

2 £ (§) =F(@) then lim F(z)=f (0) =lim (0).

—>0 t—0

We know that
Z|f (=2 M)z -
n=0

S f(0)+f(1) Z L +(2) 2 P
limF (2) = im[f(0) +f () /2@ /2% +......]

—>0 Z—®©

=f(0)
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~im F(Z) =lim f (n)

—>00 n—0

8. Find the Z-transform of

(n+1)(n+2). Solution:

Z[(n+1)(n + 2)] = Z[n? +3n + 2]

=Z(?%)+3Z(n)+2Z (1)

_2(z+1) b3 2 z

2 .
@-)°  @-)* (-1

9. Find the Z-transform of

n? Solution:

2 - =30

n=0 n=0Z

1 2 3 )

=211 ot e |

Lz 2t )

1

- =1 — =

1 1Y* 1l 1
Z

<lor |Z| >1
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10. Find the Z-transform of cosn&.

Solution:

yA Z—Ccos@+isind

ig\n Z
Z[(e”) =735 = X -
Z-¢ Z—-Ccos@é—1sin@ z-cos@+1sind
_(z—cose)2+sin20
Equating real part in both sides

Z(z — cos@)
Z (cosn@) =(z—cosd) 2 +sin29.

yA
11. Prove that Z[(—1)" ] = — .Also find the region of convergence.

z+1 °
Solution:
R T A A (1)
Z{(-1) }ZZ(—l) Z =1+~ +"2+"7F +...=11+—|
n=0 Z 1 YA K Zj
1z
1 (z+))
1+z
Here the region of convergence is E 1 or |Z| 1

N z
L ZI)"1=7F 1.

12. Define Z-transform.

Solution:

The z-transform of a sequence {x(n)}is defined by X (z) = Z x(n)z ™ where zis a complex variable.
n=0
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13. What is the region of

convergence? Solution:

The region in which the series Z x(n)z s convergent is called the region of  convergence.
n=0

14. Find Z[u(n -1)]
Solution:

Z[u(n -] =z " Z (u(n))

|—=

z

1
ey ey T

15. Find Z[3" 6(n - 2)].
Solution:

Z[3" s(n-2)] = Z[5(n - 2)]

7
3

2 (1)
=k 1 = —2|
7y kZ )z—>3i
=£
72
16. Find Z _1!_ 2|
|27 -1]
Solution:
i 1 T n
S 21 41| (EH (1)t
z L22-1] =z | 1 = |\z /| | _|2)|
L 2]
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[ 1
SRR
"z ) 1 |
| Z-" |
] 2]
-
=72z Z \‘|
| 1]
| lz—
L U 2]
_|_, 1\”—| _[1\n—1
13 &
|— Jn%n—l
17Findz 4 1|
| z+1]
Solution:
Z_llr_q:z_l'r%'(_zﬂl
Lz+1] L \z+1/]
71( —1( VA Y|
=Z |© ||
L \z+1)]
-1(( z ﬂ
=z (lz=11 .
|~ Jn—m—l
=1t n=123,...

18. Find Z[a " cos nz]

Solution:
Z[a"cosnz]=2Z[a" (-1) "]

= Z[(-)" ] -
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19.Find Z[¢**"]

Solution:

20.Find the Z-transform of the convolution of x(n)= a " u(n)andy(n) = b" u(n)

Solution:

2
z z

Z
Z[x(n)*y(n]=Z[x(n)IZ[y(n)]= z-az-b = (z-a)(z-b)

21.State second shifting theorem in Z-transform.
Solution:

If Z[f(n)]=F(z),then

Z[f(n+k)]= z k [F (2) - f(0) - ﬂ_ﬂ_ e f(k-1)

z 7?2 7k-1
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2FndZ % ]
Z 2+ 47 + 4

Solution:

2 =2 1.

2% 147+ 4 (z+2),

1 (22 1
~()Z = 1=(n(-2) =n(-2)

2(z + 2)°2

= (ZHn(2)" =n(-2)""
2

23Find Z [ 2 ]

@-1)(z-2)

Solution:

_ z _ YA YA n
gt 2l Y

24. Find the z-transform of ()" u(n)
3

Solution:

2 (%)" u(n)1=z[3 " u(n)]

=(-2)

Z _1 73z
_ 3z
3z-1

66



DHANALAKSHMI SRINIVASAN

COLLEGE OF ENGINEERING AND TECHNOLOGY
DEPARTMENT OF MECHANICAL ENGINEERING

25. . Find the z-transform of n2"

Solution:
z[n2"1=Z (n)
z—>5
z ] 22
=T = -2F
2

26.State the damping rule in Z-transform
Solution:

If Z[x(n)]=X(z),then

(i) Z[a " x(n)] = X (az)and

VA
(iNz[a" x(M1=X (@ )
27.f Z[ yn ] =Y (2) ,then write down the values of of Z[ y,, i |andZ[ yn.« ]

Solution:

Z[yn x1=2 %Y (2) and
Lyl =24 1Y @ -y LR YA YD,
z 72 Zk-1
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11
28. If Z[x(n)]=X(z),then what are the values of Z[x(n+1)] and
Z[x(n+2)] Solution:

Z[x(n+1)]=z{X(z)-x(0)] and

_(_)

Z[x(n+2)]=z [X (2) —x(0) -
29.State convolution theorem for Z-transform

Solution:
Z [ X @)] = x(n)andZ "[Y (2)]then

27X @Y @1=x(0) y(m) = 3o x(k) y(n - k)

z
30.Find Z [m]

Solution:

2z 127z - 2]

(z-3)(z-4) (z-4) z-3
L)L)
_4"_ 3"
y -2y

31.Solve 1 n=1givenyp =0
Solution:

Taking Z-transform on both sides

(z-2)Y(2) _ﬁ =Y (@)= [m]
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Yo =271Y @]=2" -1
32. Solve Yn,1 — 2 Yy =0givenyy =2
Solution:
Taking Z-transform

(z-2)z(y(n))=2z

z

Z[y(n)]=27 2
2 2
Yin)=z ' [7 = 9]=2.2" =2""

33.Find 3" * 3" using Z-transform
Solution:

2
z

213"*3"1=23").z@3") =

(2—3)2
2
Njoh _5-lr_Z _ 1,22=-3+3)
el Ty 7 Uty
g Lo, 32

=3" +n3" =3" (n+1)
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34.Find the Z-transform of 2" * n
Solution:

2
z z

VA
2 1’ Z-2@-17

212" *n1=z[ (2")Z () =

35. Find the Z-transform of u(n-2)

Solution:

Zlun-2)]=z 2Z[un)]=1. 2z - _ 1
2271 2(z-1)

36. Find the Z-transform of 2" u(n —1)

Solution:

212" u(n -1 J=2lfu(n-1)] ]

Z[u(n-1)= lZ[u(n)] =_1
yA z-1
202 U 1] = T =
(2-1)
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